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1. Introduction
Consider the following question: How can we make ice faster?

Put in a freezer
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1. Introduction
Consider the following question: How can we make ice faster?

Put in a freezer
Cold water Ice

Hot water
Put in a freezer

Ice

Intuitively, one expect cold water to freeze faster than hot water.
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1. Introduction
Mpemba and Osborne conduct an experiment and a surprising phenomenon was observed.
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Hot water can freeze faster than 
cold water!

[E B Mpemba and D G Osborn, 1969]
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1. Introduction

Question: 
How can we make ice faster?

Source: Science-tech/2023-03-25

Answer: 
Use hot water instead of cold water.

This is the Mpemba effect:
an anomalous relaxation in nonequilibrium physics 4/36
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1. Introduction
The Mpemba effect was first observed in classical systems, but a quantum counterpart has been found.

Symmetry-broken state

Initial state 1

Symmetry restoration

(Weakly symmetry-broken)

[Ares-Murciano-Calabrese, 2022]

Quench with a 
symmetric Hamiltonian

(symmetric state)
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1. Introduction
The Mpemba effect was first observed in classical systems, but a quantum counterpart has been found.

Symmetry-broken state

Initial state 1

Symmetry restoration

(Weakly symmetry-broken)

Quench with a 
symmetric Hamiltonian

(symmetric state)

(Strongly symmetry-broken)
Initial state 2 (symmetric state)

Question: Which state relaxes faster to the symmetric state?

[Ares-Murciano-Calabrese, 2022]
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1. Introduction
Intuitively, one expects the weakly symmetry-broken state to relax faster, since it is initially closer to the 
symmetric state.

The more symmetry is initially broken, the faster it is restored.
Quantum Mpemba effect

Symmetry breaking

weakly symmetry-broken state

symmetric state

strongly symmetry-broken state

Counterintuitive!Surprisingly, the opposite can happen.

Symmetric
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Quantum Mpemba effect

Research on the Mpemba effect has grown rapidly!

1. Introduction

Classical Mpemba effect

The Mpemba effect has attracted considerable attention.
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☑ Quantum spin systems (one and two spatial dimensions; integrable systems)

☑ Experimental observations

☑ Control and engineering applications

❌ Few results are available in quantum field theory.

Existing QFT studies are limited to abelian symmetry in (1+1)-dimensional CFTs.

[Joshi et al., 2024], among others

[Benini-Godet-Singh, 2024]

[Murciano et al., 2023], among others

Previous studies

The quantum Mpemba effect for non-Abelian symmetries remains poorly understood.

It is challenging to analyze the quantum Mpemba effect in quantum field theory.

1. Introduction
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1. Introduction

Short summary(CFT)

(Ongoing work)

• We study the quantum Mpemba effect in Wess–Zumino–Witten models using CFT techniques.
• We analytically establish the quantum Mpemba effect for non-Abelian symmetries in QFT for the 

first time.
• Moreover, we uncover a new type of quantum Mpemba effect (explained later).

• We develop a quantum algorithm for simulating the quantum Mpemba effect in QFT.
• We apply it to the lattice Schwinger model and demonstrate the quantum Mpemba effect.
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Question: How can we study the quantum Mpemba effect?

2. Entanglement Asymmetry
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Question: How can we study the quantum Mpemba effect?
Conventionally, an order parameter ⟨𝒪⟩ is used to characterize symmetry breaking. 

However, to study the quantum Mpemba effect, we need a new “quantifier” satisfying the following
requirements.

1. Quantifies the degree of symmetry breaking

2. Well-defined for out-of-equilibrium dynamics

3. Computable

Requirements for a quantifier of the quantum Mpemba effect 

2. Entanglement Asymmetry
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Question: How can we study the quantum Mpemba effect?
Conventionally, an order parameter ⟨𝒪⟩ is used to characterize symmetry breaking. 

However, to study the quantum Mpemba effect, we need a new “quantifier” satisfying the following
requirements.

1. Quantifies the degree of symmetry breaking

2. Well-defined for out-of-equilibrium dynamics

3. Computable

Requirements for a quantifier of the quantum Mpemba effect 

A new quantifier: Entanglement Asymmetry
[Ares-Murciano-Calabrese, 2022]

2. Entanglement Asymmetry
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We assume that the theory has a symmetry with charge
𝑄 = 𝑄! + 𝑄"

𝐴 = Subsystem of interest, 𝐵 = Environment.

𝜌$ =
*

*
*

*
*
*

𝜌$,& =

Off-diagonal elements Block diagonal

Symmetry-broken state Symmetric state

in eigen basis of 𝑄!

Entanglement Asymmetry: a quantifier of symmetry breaking

𝛥𝑆! ≡ Δ𝑆 𝜌! 𝜌!,& = Tr! 𝜌! log 𝜌! − log 𝜌!,&
Relative entropy

[Ares-Murciano-Calabrese, 2022]

2. Entanglement Asymmetry
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𝛥𝑆! > 0 ⇔ 𝜌!, 𝑄! ≠ 0 (symmetry broken)  

𝛥𝑆! = 0 ⇔ 𝜌!, 𝑄! = 0 (symmetric)  

[Kullbck-Leibler, 1951]

0 < 𝛥𝑆! < 𝛥𝑆′!
Degree of symmetry breaking =

2. Entanglement Asymmetry

Key properties of entanglement asymmetry:

1. Defined for any state, including nonequilibrium states.

2. Non-negativity:

3. Quantifies subsystem symmetry breaking:

Weak, Strong

Entanglement asymmetry is a well-defined measure of symmetry breaking.
13/36



Typical protocol to investigate the quantum Mpemba effect.

Total system=𝐴 ∪ 𝐵
𝐴 : subsystem of interest

Quench dynamics with a symmetric Hamiltonian

𝐴 𝐵

Spin chain or QFT

STEP1: Prepare an initial state 𝜓!"(0) that explicitly breaks the symmetry.

𝜓!"(𝑡) = 𝑒#$%& 𝜓!"(0) , where 𝐻 is a symmetric Hamiltonian.

STEP2: Perform the time evolution.

STEP3: Compute the entanglement asymmetry at time 𝑡.
𝛥𝑆! 𝑡

2. Entanglement Asymmetry

Entanglement asymmetry captures the real-time dynamics of symmetry restoration.
14/36



2. Entanglement Asymmetry
Typical behavior of the quantum Mpemba effect.

Δ𝑆!(𝑡)

𝑡
0

Real time

Degree of symmetry breaking

Symmetry restoration

Crossing = Quantum Mpemba effect

Strongly symmetry broken

Weakly symmetry broken

Using this protocol, the quantum Mpemba effect has been studied extensively in condensed-
matter physics, high-energy physics, and quantum information.
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[HF, S.Shimamori 2025]
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3. CFT approach
Question: How can entanglement asymmetry be formulated in QFT?

Assumptions

・The theory has a global symmetry 𝐺

・The Hilbert space factorizes: ℋ&'& = ℋ!⊗ℋ"
𝑈()( 𝑔 = 𝑈! 𝑔 ⊗𝑈" 𝑔 , 𝑔 ∈ 𝐺

Factorized action of the symmetry operator

Symmetry-broken state

𝜌! = Tr* 𝜓 𝜓

𝜌!, 𝑈! ≠ 0

Symmetric state

𝜌!,& = >
+
d𝑔 𝑈! 𝑔 𝜌!𝑈!

, 𝑔

𝜌!,&, 𝑈!(𝑔) = 0. for any 𝑔 ∈ 𝐺

Haar measure

𝐴: subsystem, 𝐵: environment
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3. CFT approach

Entanglement Asymmetry

𝛥𝑆! ≡ Δ𝑆 𝜌! 𝜌!,& = Tr! 𝜌! log 𝜌! − log 𝜌!,&
Relative entropy

𝛥𝑆!
(.) ≡ 0

01. log
23! 4!,#

$

23! 4!
$ ,    lim

.→0
𝛥𝑆!

(.) = 𝛥𝑆!

Rényi Entanglement Asymmetry (REA) 

Difficult to access…

Computable!

Question: How can entanglement asymmetry be formulated in QFT?

17/36



Flow of analysis

STEP 2
Replica trick

ℛ.

[Benini et al, 2024]

STEP 3
Conformal map

ℛ. →

ℝ6

[He et al, 2024]

3. CFT approach

STEP 1
Path integral rep

𝜌! =

Let me explain how we can investigate the Rényi entanglement asymmetry in CFT.
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3. CFT approach

By the Mermin-Wagner theorem, the vacuum state 0 does not exhibit spontaneous symmetry breaking. 
[Mermin-Wagner, 1966]

Let us consider (1+1)-dimensional CFT with a continuous global symmetry 𝐺.

We explicitly break the symmetry through a local operator insertion 𝒪.

𝜓 = 𝒪 0 : explicitly symmetry-broken state

𝜌! = Tr* 𝜓 𝜓 =
Euclidean time

Space

𝐴

STEP 1: Path integral representation

Path integral representation

19/36



3. CFT approach
STEP 1: Path integral representation

[Mermin-Wagner, 1966]

Path integral representation

𝐴
𝜌!,& = >

+
d𝑔 𝑈! 𝑔 𝜌!𝑈!

, 𝑔 =
𝑈! 𝑔

𝑈!
" 𝑔

By the Mermin-Wagner theorem, the vacuum state 0 does not exhibit spontaneous symmetry breaking. 

Let us consider (1+1)-dimensional CFT with a continuous global symmetry 𝐺.

We explicitly break the symmetry through a local operator insertion 𝒪.

𝜓 = 𝒪 0 : explicitly symmetry-broken state
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3. CFT approach
STEP 2: Replica trick

To compute the relevant moments, we replicate spacetime.

For example, Tr! 𝜌!,)* can be schematically written as follows.

Tr! 𝜌!,&. =

ℛ.
Replicated manifold

𝑛-copies

20/36



3. CFT approach

For example, Tr! 𝜌!,)* can be schematically written as follows.

Tr! 𝜌!,&. =

Topological property of 
symmetry operators

STEP 2: Replica trick
To compute the relevant moments, we replicate spacetime.
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3. CFT approach
STEP 3: Conformal map

In a (1+1)-dimensional CFT, we can use the following conformal map. 

Conformal map

∼

Correlation function on Plane!

𝒪!𝒪!
"&

#$%

&
𝑅 𝑔#'!⋯𝑔! 𝒪 # *𝑅 𝑔#'!⋯𝑔! 𝒪" #

()*+,

[He et al, 2024]
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3. CFT approach
In summary, conformal symmetry and the properties of symmetry operators drastically simplified the calculation. 

Rényi entanglement asymmetry reduces to correlation functions on Plane! 

𝒏-th Rényi entanglement asymmetry

𝛥𝑆!
(.)

A measure of symmetry breaking

𝟐𝒏-point function

𝒪!𝒪!
""

#$%

&
𝑅 𝑔#'!⋯𝑔! 𝒪 # &𝑅 𝑔#'!⋯𝑔! 𝒪" #

()*+,
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3. CFT approach
Our concrete analysis

・Model: :𝑠𝑢 𝑁 # Wess-Zumino-Witten model 

・Initial state: 𝜓 (𝑡 = 0) = Φ$ 𝑥, 𝜏% 0

Φ$ : primary field in the fundamental representation
(𝑖 = 1, … , 𝑁)
Explicit breaking of the 𝑺𝑼(𝑵) symmetry

𝐴

×

×

𝜌! =
𝜏+

・Target: 2nd Rényi entanglement asymmetry 𝛥𝑆!
(')

Technical remarks
• We introduce a parameter 𝜏+ that controls the degree of initial symmetry breaking.
• Real time 𝑡 is implemented through analytic continuation.
• The 4-point function of the WZW model is known explicictely.
• Thus, we obtain a closed-form expression of the 𝛥𝑆!

(-) (although it is lengthy).

𝑥

[Knizhnik and Zamolodchikov, 1984]

[S. He, et al 2014]
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3. CFT approach
Our result

0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0

Symmetry breaking

Symmetry restored

Real time

𝜏%: parameter of initial symmetry breaking.

𝜓 (𝑡 = 0) = Φ$ 𝑥, 𝜏% 0

Initial state

𝑖 = 1,⋯ ,𝑁: index of fundamental rep of 𝑆𝑈(𝑁)

Change 𝜏%, while fixing 𝑁

Degree of symmetry breaking

25/36



0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.2

0.4

0.6

0.8

1.0

Our result

𝜏%: parameter of initial symmetry breaking.

𝜓 (𝑡 = 0) = Φ$ 𝑥, 𝜏% 0

Initial state

𝑖 = 1,⋯ ,𝑁: index of fundamental rep of 𝑆𝑈(𝑁)

Change 𝜏%, while fixing 𝑁 More initial symmetry breaking
→Faster symmetry restoration!

3. CFT approach

Real time

Degree of symmetry breaking

We analytically establish the quantum Mpemba effect for a non-Abelian symmetry.
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2.5

Let us see the rank dependence

𝜏%: parameter of initial symmetry breaking.

𝜓 (𝑡 = 0) = Φ$ 𝑥, 𝜏% 0

Initial state

𝑖 = 1,⋯ ,𝑁: index of fundamental rep of 𝑆𝑈(𝑁)

Change 𝑁, while fixing 𝜏%

3. CFT approach

Real time

Degree of symmetry breaking
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0.0
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We uncover new type of quantum Mpemba effect!

Rank dependence

𝜏%: parameter of initial symmetry breaking.

𝜓 (𝑡 = 0) = Φ$ 𝑥, 𝜏% 0

Initial state

𝑖 = 1,⋯ ,𝑁: index of fundamental rep of 𝑆𝑈(𝑁)

Change 𝑁, while fixing 𝜏%

For example, 𝑆𝑈 3 symmetry restoration is faster than that of 𝑆𝑈 2 .

3. CFT approach

Real time

Degree of symmetry breaking

Increasing the rank strengthens the initial 
symmetry breaking but accelerates 
symmetry restoration.
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What is the quantum computing?

…

Classical computing

１0Unit of information: bit or

Data: 

0 １ 0

Manipulates all 2/ basis states individually.

𝑁-bit string

= 010⋯ …

Quantum computing

Unit of information: qubit = 𝛼 0 + 𝛽|1⟩

Data: 𝑁-qubit state 

= M
$!,⋯$"+%

,

𝑐$!,⋯$" 𝑖,⋯𝑖-

Manipulates a superposition of exponentially many 
basis states.

Quantum computing harnesses quantum mechanics for computation.

4. Numerical approach using quantum computing
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Quantum computers are becoming a real-world technology.

Many research institute and industries are developing quantum computers.

IBM Quantinuum Riken, Fujitsu

and so on…

4. Numerical approach using quantum computing
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Motivations
• The CFT approach in the previous section is powerful but relies on conformal symmetry.

• For QFTs without conformal symmetry, the quantum Mpemba effect remains difficult to analyze…

(long-time lattice simulation is required) 

• On a quantum computer, real-time dynamics can be implemented directly.

• The reduced density matrix is obtained by just ignoring the environment.

We develop a quantum algorithm for simulating the quantum Mpemba effect, 
which is suitable for QFT.

4. Numerical approach using quantum computing

29/36



0 𝐻 𝐻

𝐵,

𝐴,

𝐵'

𝐴'

𝑈 𝑡

𝑈 𝑡
×

×

SWAP test

ancilla

𝜓

𝜓

Time evolution

𝜌!,.

𝜌!

Overview of our quantum circuit

𝑈!'
#

(𝑥 : a random integer)

Decoherence 

Tr 𝜌!𝜌!,) = 𝑍 0123440

By combining the idea of quantum phase estimation with SWAP test, 
we can estimate the Rényi Entanglement Asymmetry.

𝛥𝑆!
(')We obtain

4. Numerical approach using quantum computing
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ℒ = − 0
P 𝐹QR𝐹

QR + 𝑖 R𝜓𝛾Q 𝜕Q + i𝑔𝐴Q 𝜓 −𝑚 R𝜓𝑒STU+𝜓

Schwinger model in the continuum [Schwinger, 1962]

The simplest model of quantum electrodynamics in (1+1) dimensions

=

+ -Electric field

Positron Electron

4. Numerical approach using quantum computing
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Schwinger model as a spin model
𝐻 = 𝐻VV +𝐻± +𝐻V

𝐻//~M
0

M
,1#2ℓ10

𝑍#𝑍ℓ , 𝐻±~M
0

𝑋0𝑋05, + 𝑌0𝑌05, , 𝐻/ =M
0

𝑍0

𝑋0, 𝑌0, 𝑍0 : Pauli matrices on the 𝑛-th site.

Temporal gauge 𝐴+ = 0
Gauss law constraint

Kogut-Susskind formalism
Jordan-Wigner transformation

[Masazumi Honda et al, 2022]

Open boundary condition

4. Numerical approach using quantum computing

ℒ = − 0
P 𝐹QR𝐹

QR + 𝑖 R𝜓𝛾Q 𝜕Q + i𝑔𝐴Q 𝜓 −𝑚 R𝜓𝑒STU+𝜓

Schwinger model in the continuum [Schwinger, 1962]
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Our setup:

Symmetry 

𝑈 1 symmetry, 𝑄 = 5
-
∑*𝑍*

𝐴 𝐵
…

𝑁! qubits

𝑁 qubits

Configuration of subsystem 

The procedure of our simulation:

𝜙 = 𝑒#3
6
- ∑- 8-| 01⋯01 ⟩ , 𝜙 : Parameter of initial symmetry breaking.

STEP1: Prepare the following initial state.

STEP2: Perform the time evolution by second order Trotterization

STEP3: Compute 𝛥𝑆!
(-) 𝑡 which is obtained by our algorithm. 

𝐻 = 𝐻99 + 𝐻:8 + 𝐻9, 𝐻:8 = 𝐻:8,;<;1 + 𝐻:8,=>>

We performed above quantum simulations using Qulacs, a Python library for classical simulation.

4. Numerical approach using quantum computing
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An example of our result:

Degree of symmetry 
breaking

Real time

𝑁 = 18,𝑁! = 4
𝑚/𝑔 = 4, 𝜃 = 𝜋/3
𝑎𝑔 = 0.25, 𝛿𝑡 = 0.03

(# of Trotter step) = 50

parameters

4. Numerical approach using quantum computing
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States with stronger symmetry breaking 
relax faster toward symmetry restoration.

Using our quantum algorithm, we demonstrate the quantum Mpemba effect in the Schwinger model.

4. Numerical approach using quantum computing
An example of our result:

Degree of symmetry 
breaking

Real time

𝑁 = 18,𝑁! = 4
𝑚/𝑔 = 4, 𝜃 = 𝜋/3
𝑎𝑔 = 0.25, 𝛿𝑡 = 0.03

(# of Trotter step) = 50

parameters
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Our quantum algorithm is scalable and applicable to large systems.

Resource estimation of our algorithm
There are two errors:

Statistical error of 𝑍 jklSmmj in SWAP test

𝑁?@=A = 𝒪 𝛿#- , where 𝛿 is standard deviation

Required number of measurements 𝑁?@=A: 

Does not depend on system size!

Systematic error of Trotterization
𝜖 = 𝑒$%& − 𝑈B(𝑡/𝑀) , where 𝑈(𝑡/𝑀) is one step of Trotterization.There is an error

Required number of gates to achieve an error tolerance 𝜖:  
(gate complexity) ≤ 𝒪 𝑁65,/8𝑡,5,/8𝜖9,/8

Polynomial cost!
Theoretical upper bound

[A. M. Childs et al, 2021]

𝑝: order of Trotterization

4. Numerical approach using quantum computing
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5. Summary

• CFT is powerful.

• The quantum Mpemba effect is one of a promising application of quantum computing.

Take-home message:

Summary
• CFT techniques and the properties of symmetry operators enable us to compute entanglement asymmetry.

• We establish the quantum Mpemba effect for non-Abelian symmetries and identify a new type of quantum 

Mpemba effect.

• In ongoing work, we propose an efficient quantum algorithm for computing entanglement asymmetry.

• We demonstrate the quantum Mpemba effect in the Schwinger model.
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5. Summary

Future directions(Quantum computing)

Future directions(CFT)

• Feasibility estimates for FTQC and early FTQC (ongoing)

• Implementation on NISQ devices (ongoing)

• Applications to other quantum field theories

• Other symmetry groups

• Higher Rényi entanglement asymmetries

• Microscopic origin and physical interpretation
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Real time

Entanglement asymmetry for WZW currents

𝜓 (𝑡 = 0) = 𝐽: 𝑥, 𝜏% 0

Initial state

Change 𝜏%, while fixing 𝑁

𝑎 = 1,… , 𝑁' − 1
𝐽:: WZW current in the adjoint rep

(The limit 𝑘 → ∞ is taken for simplicity)

The quantum Mpemba effect also occurs in this case.

More initial symmetry breaking
→Faster symmetry restoration!

Degree of symmetry breaking
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𝜓 (𝑡 = 0) = 𝐽: 𝑥, 𝜏% 0

Initial state

Change 𝜏%, while fixing 𝑁

𝑎 = 1,… , 𝑁' − 1
𝐽:: WZW current in the adjoint rep

(The limit 𝑘 → ∞ is taken for simplicity)

Real time

Entanglement asymmetry for WZW currents

No rank-induced quantum Mpemba effect occurs in this case.

Degree of symmetry breaking



Our resultDegree of symmetry 
breaking

Real time
𝐴×

×
𝜌! =

𝜖
|𝑥+|

𝜓!"(𝑡 = 0) = Φ$ 𝑥+, 𝜏+ 0
Initial state

Φ$: primary field in the fundamental rep

We consider the limit 𝜏% → 0.

Quasiparticle interpretation



Our resultDegree of symmetry 
breaking

Real time
𝐴×

×
𝜌! =

𝜖
|𝑥+|

𝜓!"(𝑡 = 0) = Φ$ 𝑥+, 𝜏+ 0
Initial state

Φ$: primary field in the fundamental rep

We consider the limit 𝜏% → 0.

Quasiparticle interpretation

Physical interpretation

Quasiparticle



Analytical continuation of real time

𝜌! 𝑡 = 0 = Tr* 𝒪(𝑧v, ̅𝑧v) 0 0 𝒪(𝑧, ̅𝑧v),

Let us introduce a complex coordinate 𝑧 = 𝑥 + 𝑖𝜏

𝐴

×

×

𝜏+

Euclidean time

Space

𝑥v

𝜌! 𝑡 = Tr* 𝑒1wx(𝒪(𝑧v, ̅𝑧v) 0 0 𝒪(𝑧, ̅𝑧v),𝑒wx(

= Tr* 𝑒1wx(𝒪(𝑧v, ̅𝑧v)𝑒wx( 0 0 𝑒1wx(𝒪(𝑧, ̅𝑧v),𝑒wx(

𝒪 𝑧 𝑡 , ̅𝑧 𝑡

𝑧 𝑡 = 𝑥% − 𝑡 + 𝑖𝜏%
̅𝑧 𝑡 = 𝑥% + 𝑡 − 𝑖𝜏%

𝜏 = 𝑖𝑡



𝛥𝑆!
(*) ≡ 5

*#5
log Tr! 𝜌!* − log Tr! 𝜌!,)* ,    lim

*→5
𝛥𝑆!

(*) = 𝛥𝑆!

To simplify the analysis, we focus on the Rényi entanglement asymmetry:

For concreteness, we consider 𝑛 = 2.

Detail of our quantum algorithm



𝛥𝑆!
(*) ≡ 5

*#5
log Tr! 𝜌!* − log Tr! 𝜌!,)* ,    lim

*→5
𝛥𝑆!

(*) = 𝛥𝑆!

How can we compute 𝐓𝐫𝑨 𝝆𝑨,𝑺𝟐 ?
0 𝐻 𝐻

𝐵,

𝐴,

𝐵'

𝐴'

𝑈 𝑡

𝑈 𝑡
×

×

SWAP test

ancilla

𝜓

𝜓

Time evolution

𝜌!

𝜌!

Tr 𝜌!-

Quantum circuit for computing 𝐓𝐫𝑨 𝝆𝑨𝟐

(Our work)

Detail of our quantum algorithm
To simplify the analysis, we focus on the Rényi entanglement asymmetry:

For concreteness, we consider 𝑛 = 2.



Naively, one need to remove 𝒪 26~! off-diagonal elements. 

Question: How can we realize this efficiently in a quantum circuit?

𝜌$,& =

Symmetric state

2~!

𝜌$ =
*

*
*

*
*
*

Symmetry-broken state

2~!

Detail of our quantum algorithm



Our idea: Reformulating it as “decoherence”

𝜌$,& =

2~!

𝜌$ =
*

*
*

*
*
*

2~!

Detail of our quantum algorithm
Symmetry-broken state Symmetric state

Naively, one need to remove 𝒪 26~! off-diagonal elements. 

Question: How can we realize this efficiently in a quantum circuit?



𝜌$ =
*

*
*

*
*
*

, in eigen basis of 𝑄!𝜌$,& =

Treat this as a decoherence.

Decoherence: the loss of quantum coherence due to interactions with environment.

Detail of our quantum algorithm



𝐵

𝐴
𝑈 𝑡

0

0

𝑈!'
$%!𝑈!'

& …

…
𝐻

𝐻

…

Quantum phase estimation 

ancilla

…

𝜓 𝜌!,)

𝑄𝐹𝑇" ⋮

What we want!

𝝆𝑨,𝑺 can be prepared in a quantum circuit! 

We implement this decoherence by employing a quantum phase estimation of 𝑈! = 𝑒'=$>'/'$, 𝑛 > log'𝑁!

Detail of our quantum algorithm

𝜌$ =
*

*
*

*
*
*

, in eigen basis of 𝑄!𝜌$,& =

Treat this as a decoherence.

Decoherence: the loss of quantum coherence due to interactions with environment.



𝐵

𝐴
𝑈 𝑡

0

0

𝑈!'
$%!𝑈!'

& …

…
𝐻

𝐻

…

Quantum phase estimation 

ancilla

…

𝜓 𝜌!,)

𝑄𝐹𝑇" ⋮

What we want!

There are redundancies.

What we want!

𝐵

𝐴
𝑈 𝑡

𝑈!'
#𝜓 𝜌!,)

𝑥 : a random integer

We can drastically simplify the quantum circuit.

simplify

Detail of our quantum algorithm



Tr 𝜌!𝜌!,) =

Technical detail

𝜌$ =
*

*
*

*
*
*

, in eigenbasis of 𝑄!𝜌$,& =

*
*
*

*
*
*

Tr = Tr

2

2

2 = Tr 𝜌!,)-

In general, the following identity holds
Tr 𝜌!𝜌!,)*#5 = Tr 𝜌!,)*


