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1. Introduction

Today’s topic

Physics Quantum Computing
—

Science Engineering

Although these fields are often viewed as distinct disciplines, they are deeply

connected both practically and conceptually.
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1. Introduction

Today'’s topic

conceptual

)

Physics Quantum Computing

Science Engineering

In this talk, | will discuss how a concept originating from physics can provide
new insights into quantum computing.
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1. Introduction

Today’s topic
conceptual
Mpemba effect ) Nonstabilizerness
Anomalous relaxation in A resource for quantum
nonequilibrium physics computation

Main question:

Can a phenomenon discovered in physics help qguantum computing?

The answer is yes (This work).
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1. Introduction

Today'’s topic

conceptual

4 Mpemba effect A ‘

Anomalous relaxation in
\ nonequilibrium physics y

What is the Mpemba effect?
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1. Introduction

Consider the following question: How can we make ice faster?

E—)

~A
B
Put in a freezer

Cold water Ice
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1. Introduction

Consider the following question: How can we make ice faster?

E—)

Put in a freezer

Cold water lce
T -

,-:— \B‘_U\*
Ay I gres

Put in a freezer
Hot water Ice

Intuitively, one expect cold water to freeze faster than hot water.
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1. Introduction

Mpemba and Osborne conduct an experiment and a surprising phenomenon was observed.

[E B Mpemba and D G Osborn, 1969]
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1. Introduction

Mpemba and Osborne conduct an experiment and a surprising phenomenon was observed.

[E B Mpemba and D G Osborn, 1969]
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» Hot water can freeze faster than
cold water!
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1. Introduction

Question:
How can we make ice faster?

Answer:
Use hot water instead of cold water.

This is the Mpemba effect:
an anomalous relaxation in nonequilibrium physics
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1. Introduction

The Mpemba effect was first observed in classical systems, but a quantum counterpart has been found.
[Ares-Murciano-Calabrese, 2022]

Quench with a symmetric
Hamiltonian

Initial state 1 ‘ ‘

(Weakly symmetry-broken)

Symmetry-broken state Symmetry restoration
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1. Introduction

The Mpemba effect was first observed in classical systems, but a quantum counterpart has been found.
[Ares-Murciano-Calabrese, 2022]

Quench with a symmetric
Hamiltonian

Initial state 1 ‘ ‘

(Weakly symmetry-broken)

Initial state 2 B "

(Strongly symmetry-broken)

Symmetry-broken state Symmetry restoration

Question: Which state relaxes faster to the symmetric state? o
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1. Introduction

Intuitively, one expects the weakly symmetry-broken state to relax faster, since it is initially closer to the
symmetric state.

Symmetric - symmetric state
! 4
(-
weakly symmetry-broken state &
Symmetry breaking ¥ strongly symmetry-broken state
Surprisingly, the opposite can happen. Counterintuitive!

Quantum Mpemba effect

The more symmetry is initially broken, the faster it is restored. e




1. Introduction

The Mpemba effect has attracted considerable attention.

Citations by year
80 Quantum Mpemba effect
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Research on the Mpemba effect has grown rapidly!
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1. Introduction

Today'’s topic

conceptual

4 ey
‘ Nonstabilizerness

A resource for quantum
g computation y

Next, | will briefly explain this.
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1. Introduction

What is the quantum computing?

Classical computing Quantum computing
Unit of information: bit @ or Unit of information: qubit E:l = a|0) + B|1)
Data: N-bit string Data: N-qubit state
1
iy, iN=0
Manipulates all 2% basis states individually. Manipulates a superposition of exponentially many

basis states.

Quantum computing harnesses quantum mechanics for computation.
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1. Introduction

How do we perform a quantum computation?

State preparation Gates: unitary operations Measurement

\ ! 1 1
" 10) — H —e— X

[¥) <

0) S— A

“Quantum Circuit”

Quantum states are manipulated by a sequence of quantum gates.

Information is extracted through measurements. s




1. Introduction

Many research institute and industries are developing quantum computers.

and so on...

Quantinuum Riken, Fujitsu

Quantum computers are becoming a real-world technology.
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1. Introduction

Central question:
What makes quantum computers powerful?
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1. Introduction

Central question:
What makes quantum computers powerful?

A large number of qubits is not enough.

A simple example

Consider a quantum computer with 100-qubits

Input: W) = |O)®1OO -+ |1)®100)

ﬁ(
Output: (P |H ), where H is spanned by {|0)®100 |1)®1003

This is effectively just a 2 X2 matrix computation!
(Classical computer can simulate this easily!)

x “How many qubits?” O “What kind of quantum state?”




1. Introduction

Hilbert space

Stabilizer state

Classically simulable
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1. Introduction

Hilbert space

Quantum state

Stabilizer state

Classically simulable
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1. Introduction

Hilbert space

Quantum state

‘ Nonstabilizerness

Stabilizer state

Classically simulable

Nonstabilizerness is a resource for quantum advantage.
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1. Introduction

We need quantum states with large nonstabilizerness to achieve quantum advantage.
How can we prepare such states efficiently?

Classical Mpemba Effect
Hot water can freeze faster than cold water.

Quantum Mpemba Effect
A more strongly symmetry-broken state relaxes faster
toward the symmetric state.
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1. Introduction

We need quantum states with large nonstabilizerness to achieve quantum advantage.
How can we prepare such states efficiently?

Classical Mpemba Effect
Hot water can freeze faster than cold water.

Quantum Mpemba Effect
A more strongly symmetry-broken state relaxes faster
toward the symmetric state.

¥

Nonstabilizerness Mpemba Effect (This work)
A state with less initial nonstabilizerness can generate nonstabilizerness faster.
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2. Quantum Computing and Nonstabilizerness
3. Nonstabilizerness Mpemba Effects

4. Summary
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2. Quantum Computing and Nonstabilizerness

One of the most widely used universal gate set is “Clifford + T”

Let Py be N-qubit Pauli group: Py = {+1, +i}x{I, X, Y, Z}®N , where X, Y, Z are Pauli matrices.

Clifford gates

: : def T
U is a Clifford gate & VP € Py, UPUT € Py, gate
1 0
1 _ T R I
Hadamard gate | H [— =ﬁ(1 _11) (0 e /4)
1 0 T gate is no-Clifford gate:
S gate — S = :
(O l) e.g. X1y
TXTT = 7 ¢ Py
CNOT gate I = [0X0] ® I + |1)(1] ® I

Easy to implement fault-tolerantly Expensive to implement
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2. Quantum Computing and Nonstabilizerness

What is the stabilizer state?

Stabilizer group
S c Py, VS, S €8S,[5,5)] =0
e.g. S = {I, Zl' Zz,lez}

Commuting subgroup of the Pauli group

Stabilizer state
For any S; € S: Stabilizer group, s.t. |S| = 2V
Silp) = )
e.g.|00) — Z,]00) = Z,|00) = Z,Z,]|00) = |00)
Common eigenstates of Stabilizer operators
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2. Quantum Computing and Nonstabilizerness

Gottesman-Knill theorem [Daniel Gottesman, 1998]

stabilizer states |1/)) <

.

Clifford gates

-~

-~

» classically simulable

-~

“Clifford circuits acting on stabilizer states can be simulated efficiently on a classical computer.”

Quantum advantage requires “Nonstabilizerness”
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2. Quantum Computing and Nonstabilizerness

How can we quantify nonstabilizerness?

First, consider the Pauli expansion of a pure state:

1
p =)Wl =>5 > coP cp = (YIPI) coefficient

PE:PN

$

Stabilizer Rényi Entropy (SRE) |Lorenzo Leone et al 2021]

1
1 _alogz z

| PEPpN
a: Rényi index

My (1Y) =

The Stabilizer Rényi Entropy(SRE) is a quantitative measure of nonstabilizerness.

|CP|2

2N

f

— N
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2. Quantum Computing and Nonstabilizerness
Examples of Stabilizer Rényi Entropy(SRE).

Example 1: Stabilizer state

cp = (Y|P|) = 1if P € S, otherwise,cp =0 WP | M, =0
Nonstabilizerness = 0
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2. Quantum Computing and Nonstabilizerness
Examples of Stabilizer Rényi Entropy(SRE).

Example 1: Stabilizer state

cp = (YIP[Y) = 1if P € S, otherwise,cp =0 W | My =0 |
Nonstabilizerness = 0

Example 2: magic state (1-qubit)
|T) = T|+) : (non-Clifford state)

3
Positive nonstabilizerness

4
(T|X|T) = (T|Y|T) = 1/N2,(T|Z|T) =0 W [Mz = log,— > o]

SRE quantifies the degree of nonstabilizerness.
20/28
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3. Nonstabilizerness Mpemba Effects

Nonstabilizerness Mpemba Effect
A state with less initial nonstabilizerness can generate nonstabilizerness faster.

What do we want to show?

SRE = Nonstabilizerness = Resource of quantum advantage

Less initial nonstabilizerness

» time
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3. Nonstabilizerness Mpemba Effects

In this work, the authors consider the following quantum circuit.

Brickwork random circuit
rr o+ + - O+

Initial state [1(0)) <

» time

Random nearest-neighbor two-qubit unitaries,
which conserves the U(1) charge Q = Y, n; = Zi_l_zzi

—y o ) = o
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3. Nonstabilizerness Mpemba Effects

Initial states:
Tilted Ferromagnetic States (TFS):  |Y(0))tps = e_igzﬁyﬂnyOOO O)J , 0: parameter
Q=0
Tilted Néel States (TNS): |W(0))rns = e_igzﬁ'vﬂ YflOlOl 012
0=N/2

Oy oy
Tilted Domain-Wall States (TDWS):  [¥(0))rpws = €~ 2 ZJ=1Y1|O - 01---1)

J

0 =Y1v/2

All three families are constructed from different reference states:
|000---0), [0101---01), |0---01---1)
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3. Nonstabilizerness Mpemba Effects

Initial nonstabilizeress of TFS

Stabilizer Rényi Entropy (SRE) at initial time
(a) r=0

0  7/8 /4 348 72
0
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3. Nonstabilizerness Mpemba Effects

Initial nonstabilizeress of TFS < The same behavior is observed for TNS and TDWS.

Stabilizer Rényi Entropy (SRE) at initial time

“oo-

(a) r=0
.
0.4 y 0 0
. ‘L@Fl (cosi |0) + smzll))
0.3 -
= Nonstabilizer state
< 0.2
0.1
O) FQ/ . ‘ . . . \)4[|++.”+)]
0 /8 /4 37/8 /2
0

Initial nonstabilizerness depends strongly on the angle 6. 24/28




3. Nonstabilizerness Mpemba Effects

Late time nonstabilizerness

Late-time behavior of SRE:

S CE CE T C— — — — — —

TFS

———- TNS/TDWS |

0 28 a4 348

0

/2
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3. Nonstabilizerness Mpemba Effects

Late time nonstabilizerness Late-time behavior of SRE:

e (o)

10011 ---),]0101 --- ),

0.6 %z ié | 0110 ---),|1100 ---)
< N=20 Many states
S | N=24 |
= 0.4

[ Q=0 }\0'2 i TFS _
' ———- TNS/TDWS |

|00---0)only... co=—, . . . . . . |
0 /8 /4 37/8 /2

0

The initial charge distribution significantly affects
the IatE'time SRE. 25/28

Charge-conserving random circuit »




3. Nonstabilizerness Mpemba Effects

Late time nonstabilizerness

[Q = N/2

|0011---),]0101 ---),
0110---),[1100--+)

Many states

Charge-conserving random circuit »

Late-time behavior of SRE:

(b)) t=00

__=x========z= %Q N/ZJ
:':/ _______

S 10011 ---),]0101 ---),
N 10110 -+-),]1100 )
N=20 Many states
N=24

TFS

———- TNS/TDWS | |

0 /8 /4

" 3/8
0

The initial charge distribution significantly affects
the late-time SRE.
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3. Nonstabilizerness Mpemba Effects

—e— 0=0.257
—e - 0=0.30x
-0+ 0=0.40x
—o- 0=0.50x

Time evolution of SRE:

@TFS O
15_- 'o/’g"°

| £ e
sk 10% 1

'/ | |
ol . =20 a0,
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3. Nonstabilizerness Mpemba Effects

Time evolution of SRE:

E—
—e— 6=0.25z - (a) TFS Faster generation of
— - 6=0.307 nonstabilizerness
-0+ 0=0.40x

—o- 9=0.50%

§ 107
Small initial
nonstabilizerness

We uncover a nonstabilizerness Mpemba Effect!
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3. Nonstabilizerness Mpemba Effects

Time evolution of SRE:

|
—e— 0=0.25x - (a) TFS o =< A - Faster generation of
— - 6=0.307 | St e e
15F o 0*" nonstabilizerness
o. 0=0407[ L ('D"
—o - 0=0.50x : ff/“ & — ._——-"'—'. :
:éil 1()é;;?1;tfi::::_::::..___4,-——0-"*"'_.-;?
= small%@f’ 10?/( ]
,/ . I . :
b 11 Asimilar behavior appears in

[

=large F OK é "10 ézo é4o_‘ the quantum Mpemba effect!

t /

Large charge states tend to generate more nonstabilizerness
26/28




3. Nonstabilizerness Mpemba Effects

.0 <N _
TNS [9(8))rps = e 2%=1770101 --- 01)

—o— 0=0.257
—e - 0=0.307n
-0 =040~
—o- 0=0.507

No Mpemba Effect!

(b) TNS |
- o.(/ ........
_'.fl 10 i
./
£ , % 20, 40
0 2 4 6

.0
TDWS  [1h(8))rps = e Z2Z=1Y7]0 01 1)

o° o
0'1’0' g -
O P

./
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3. Nonstabilizerness Mpemba Effects

0N o
TNS [9(8))rps = e 2%=1770101 --- 01)

—o— 0=0.25x
—e - 0=0.30%
-0- 0=0.40x
—o- 0=0.50n

No Mpemba Effect!

(b) TNS |

.0
TDWS  [1h(8))rps = e Z2Z=1Y7]0 01 1)

(g
[Q = N/2 ﬁ

Nonstabilizerness Mpemba Effect!

The spatial structure of the initial state also contributes to the Mpemba effect.




4. Summary




* Mpemba Effect is an anomalous relaxation phenomenon discovered in physics.
“Hot water can freeze faster than cold water.”

* Nonstabilizerness is a resource for quantum advantage.
Large nonstabilizerness is required to achieve quantum advantage.

 The authors uncovered a nonstabilizerness Mpemba effect.

)

“A state with less initial nonstabilizerness can generate nonstabilizerness faster.

Take-home message
conceptual

Physicc ™) Quantum Computing

“An interesting phenomenon discovered in physics may help us to generate a resource
”
for quantum advantage. 0o




